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Fractality of Blood-Vessel System and Lung
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It is argued that the blood-vessel system and
lung are space-filling fractal trees. Whereas the
Abstract:

Hausdorff-Besicovitch and box-counting dimensions are
equal to the dimension of the embedding space' the
similarity dimension can be larger, D, >DHB: Du :3. The
fractal model of blood-vessel system with D,=3.4 is
presented. Using this model, the propagation of a passive
component injected into tissues and convected by blood is

studied. Also, the propagation

of infection in lung is

modeled.

INTRODUCTION
There

is a number of tree-like structures

-

such

as

which play
blood-vessel system, lung, neural network, etc.
an important role in physiology. Generally these sffuctures
are assumed to be self-similar [l], so that they can be

described in the terms of fractal dimensions. Due to
physiological requirements, these trees are almost always
space filling. In other words, the fractal dimension D|has to
be more or equal to the dimension of the embedding space D.
For the blood-vessel system, this is a consequence of the fact
that all the cells of the organism need some energy supply.

organism, the capillaries should be very close to each other
compared to the length of them. A possible way to get such
an iurangement of the vessels is to settle the capillaries along
the edges of a parallelepiped-shaped three-dimensional grid,
the angles between the edges being of the order
of

e

-

ro I lo

<< 1. Since 'the streams of the Scheidegger's

model of rivers [3] are arranged just in the same manner, it is
tempting to apply that model.
In the n-dimensional Scheidegger's model, the rivers are
generated by the ffajectories of particles randomly jumping
from site to site in the n-dimensional rectangular lattice
(square lattice n 2D model). These trajectories follow the
edges of the (n+ I)-dimensional parallelepiped-shaped grid.
The rules are as follows.
I. The time is discrete with the unit time step.

il. At each step, each coordinate of a particle

III.
IV.

changes

randomly and independently of the other coordinates and
other particles; the coordinate is increased by one or
remains unchanged with equal probabilities.
Colliding particles coalesce and form a particle of a mass
equal to the total mass of the colliding particles.
At each time step and at each lattice site, a new particle
of unit mass is added.

THE FRACTAL MODEL OF BLOOD-VESSEL SYSTEM

We have suggested a fractal model of

blood-vessel
following
considerations:
guided
by
the
system [2], being
a) the model should be in accordance with the simplest
physical laws, such as the flow continuity and the

b)
c)
d)

Poiseuille law;
it should ensure a complete (homogeneous) blood supply
of the organism, i.e. the distribution of capillaries should
be quasi-homogeneous;
the tree of vessels should be self-similar within a wide
range of scales;

the organism should survive the damage of

several

vessels of an intermediate size;
the model should not contradict empirical data.
tn that model, we have assumed that a vessel is described by

four characteristics: the flux q, length /, diameter d and the
pressure p. Within the inertial range of self-similaiity we
expect power laws,

:
d nq"

po

+

cdq,

B>

0;

(2)

The continuity condition can be written

j+

(l)

order

to

provide.

a

better

fit with the

t^)f

o'.

with

ro,

a mp; the

overlapping

of

the

interaction cores of two particles enables their coalescence.
So, we reformulate the third rule as follows:
III' Colliding particles coalesce with the probability of I if
both of the following conditions are fulfilled:
The mass ratio lies between ll2 and2;
- The interaction cores of the particles overlap.
-Otherwise, the particles continue their motion without
interaction.

as

q(d,): Q(d,*r) + q(d,*r),
I andj+2 refenrngto the branches of theTth vessel.

in

However,

empirical data, the model needs some modifications. First, we
ascribe to each particle of mass m an interaction core of

radius

e)

p(d)

Fig.l. The Scheidegger's model of rivers for 2D geometry.

(3)

The capillaries are much longer (lgz 0.5mm) than the
effective diffusion radius lg=l00pm. So, the region where the
cells are supplied by oxygen forms a "sausage" around a
vessel. In order to ensure the complete blood supply of the

The second idea is to introduce temporal correlations to the

motion

of

particles. Thus far, the particles have been

executing a Brownian motion. Let us now admit a fractional
Brownian motion [4], which is characterized by the Hurst
exponent H;0<H<1. The displacements of the particles are
Gaussian, and the root-mean square displacement scales as

f,

where

/

is the time interval. The case H>l/2 corresponds
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to a positive correlation between the displacements, and the
case H<l/2 to a negative correlation. So the second rule of
our model will read:

II' At each time step, each coordinate of a particle

changes

randomly and independently of the other coordinates and
other particles but correlated with its previous history so
that the resulting motion (in the system moving with the
constant velocity, vi:l/2, i:1,2) is fractional Brownian
with the Hurst exponent H);the coordinate is increased by
one or remains unchanged.

The comparison with the experimental data lead us to the
numerical values of H>0.6, p:0.4. The similarity dimension
of such

a

tree is D"zJ.y'.

It can be easily understood that the Hausdorff-Besicovitch
and box-counting dimensions of a space-filling fractal set
Do and Do are equal to the topological dimension of the
embedding space D. lt is generally accepted [1] that the
similarity dimension D, coincides with the HausdorffBesicovitch dimension Dgg. However, this is true only if all
the dimensions are less than the dimension of the embedding
spacg, Drm

: D": D,o I D.

According to the definition of the similarity dimension
for regular fractals (cf.

[]),

D5 is defined by the logarithm of
A tree of fractal

similarity factor base the branching ratio.
dimension Ds = 1.36 is depicted on Fig. 2b.

Fig.2a,b. Fractal trees
D"=1.36, respectively

of similarity dimensions D,*1.1

and

The more general definition of the similarity dimension,
applicable

to random fractals as well, is provided by

the

scaling law M ocRD', where M denotes the mass and R the
linear size of similar components (branches, in the particular
case of fractal trees) of the fractal strucfure. Let us consider a
fractal tree with Drm : D,>2. Besides, let Do < 4. Evidently,
in such a case the embedding space has to be 4- or more-

dimensional. Now,

let us project that tree onto a

2dimensional surface. It is clear that the similarity dimension
remains unchanged. However, the Hausdorff-Besicovitch and

the box-counting dimensions become equal to Dro':
Do: D:2.

Such a tree is depicted on Fig. 2a,with D,*3.1.
Our fractal model blood-vessel system has been used to
lurd some scaling laws for the transport rate of a passive
admixture convected by blood [5]. It turns out that four
distinct regimes of propagation are possible: the cases of low
and high molecular diffusivity of the admixture in
combination with small and large size of the area initially

covered by the admixture.
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THE MODEL OF LUNG
We have shown in t2l that the lung can be modeled by a
quasi-regular binary space-filling tree. Such a simple model
is in accordance with the available data concerning the fractal

sffucture of the lung [6]. Based on this model, we have
studied the propagation of infection in lung. Our model is
based on the following simplifications:
a) the bacteria invade diffusively a layer of air near the
walls of an infected alveolus;
b) during the expiration the infected air is brought to the
larger bronchial tubes and mixed with the air from other
alveoli;
c) this mixture is carried by the next inhalation from the
bronchial tubes to all the alveoli of the lung

d) the neighboring

alveoli can infect each other

also

through the walls of the alveoli.
Depending on the parameters of the model, two different
regimes of infection are possible. First, if the dominating
process is d),then the size of the infected spot will increases

linearly

in time.

Second,

if the dominating

convection, then the size of the spot

will

process is

increase explosively.

CONCLUSIONS
We have presented the fractal model of blood-vessel system
with Dr:3.4 and Dro. : 2. It should be noted that in the
literature, almost all the experimental calculations of the
fractal dimensions of blood-vessels and lung have been
reported the values less than the dimension of the embedding
space. We have analyzed, how these values were obtained
[7]. In most cases the fractional value of the dimension is
artifact. Almost always, the fractal trees were space-filling.
An exception was the case of retinal vessels [8]: the retinal
vessels are characterized by abnormal distribution in the
vicinity of fovea. Besides, we have modeled the propagation
of infection in lung and revealed trvo qualitatively different
regimes of infection.
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