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Abstract: The irnportance of bifurcation
structures of physiological model systems in understanding disease dynarnics is emphasised. The
bifurcation structure and diagrams of a driven
quiescent nerve pulse equation, modelling cardiac
conducting tissues, are presented. The bifurcation map consists of phase locked regions, main
regions of period-doubling cascades, a classical
region of Arnold tongues and an interesting transition region. The response exhibits NeimarkSacker, period-doubling and saddle-node bifurcations, N:M-type phase-locked states, Farey organisation and chaotic behaviour. The rich variety of calculated arrhythmias agrees well with
measured behaviour of dog and sheep cardiac
Purkinje fibres.

modelled as a pair of coupled relaxation oscillators [2,7].
The AV node acts further as a drive for the His bundle and Purkinje nervous network, considered as nonpacemaking excitable media.
Nerve pulse propagation has attracted attention since
Hodgkin and Huxley explained the mechanism of ion currents governing the pulse motion [4]. Due to the complexity of the phenomenological Hodgkin-Huxley model,
the simpler FitzHugh-Nagumo (FHN) model is widely
used [8,9]. Still another approach, based on the full hyperbolic telegraph equations, leads finally to a Li6nardtype nerve pulse equation (NPE, eq. (1) with / = 0) for
the stationary wave profile of the transmembrane action
potential [10]. It is shown in refs [10,11] that the NPB
exhibits a threshold and a possible amplification of the
initial excitation for w1w2 > 0. It is also shown that the
wave profile of the NPE is very similar to that of the

FHN equation. Due to its simplicity, the NPE is preferred here for nerve pulse simulations. When the roots
Already in 1920's mathematical and experimental mod- u/1 and u2 äre of different sign, the NPE exhibits relaxels were developed to explain cardiac arrhythmias. ation oscillations and can be considered as an (asymmetThese models, based on a difference equation [1] and ric) van der Pol equation. However, if the roots are of
on coupled nonlinear electric oscillators [2], were used equal sign, the relaxation oscillations cease to exist 110]
to display the generation of different rhythms related and the NPE becomes a quiescent excitable nerve pulse
to atrioventricular heart block as a function of the sys- equation (or a quiescent van der Pol equation).
The harmonically driven van der Pol equation, being
tem parameters. These studies are the earliest ones to
model of driven self-excited oscillations, is one
a
basic
emphasise the role of bifurcations of a nonlinear model
of
the
most
intensely studied equations in nonlinear dyto understand the qualitative behaviour in biological
namics
systems. Later studies, accounting also for spatial as113]. Much less studied are the asymmetric van
and
the quiescent nerve pulse equations.. The inder
Pol
pects, were performed utilising the concept of an exterest
in
these
equations lies in the fact that they can be
citable medium [3]. These studies associated ventricular
example,
to describe cardiac pacemakers (SAused,
for
tachycardia and fibrillation with rotating spiral waves
and
AV-nodes)
was
the
in cardiac tissue. An important contribution
[2,7] and the ventricular conducting sys(His-Purkinje
network) [10,11].
tem
partial
differHodgkin-Huxley model based on nonlinear
propagation
in
the
excitation
ential equations describing
squid giant axon [4]. Thereafter, an enormous amount of METHOD
work has been done to explain the functioning of heart
fF'l
The aim of this work is to study the NPE driven peri|.o].
The idea that human disease may sometimes be as- odically by a train of Dirac delta spikes. This is of pracsociated with bifurcations in the dynamics of living or- tical interest since many experimental transmembrane
ganisms was originally proposed by Mobitz [1] and van action potential measurements are performed using cell
der Pol l2), and made more explicit by Mackey and stimulation by short rectangular current pulses [14,15].
Glass [6] with the notion of 'dynamical disease' to de- The emphasis is on a detailed study of the bifurcation
note abnormal dynamics in physiological systems asso- diagrams of the response as a function of the drive freciated with changes in system parameters. This topolog- quency for difierent drive amplitudes and on the bifurical approach considers the identification of disease as a cation structure in the drive frequency-amplitude plane.
problem of understanding the bifurcations in an appro- The model equation for the ventricular conduction fipriate underlying model system. They suggested that bres driven rhythmically by (infinitely) short depolarisone basis for therapy is to manipulate the physiological ing current pulses thus reads
parameters back into their normal ranges.
oo
d,2w
, dw
In modelling cardiac action potential oscillations the
w
ot, - nT), (1)
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+ e(w
sinoatrial (SA) and atrioventricular (AV) nodes can be
n=0
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where 1 accounts for the strength and 7 - 2rlu for the
period of the stimulus, and 6(.) is the Dirac delta function. In this work the values € = 3.265, u)r = 0.5 and
?!t)2 = 1.9, corresponding to typical mammal values [11],
are used. A close examination of the firing threshold
revealed that the NPB under consideration is a super-
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normal neuron.
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The bifurcation structure of eq. (1) displaying the bifurcation lines of period one solutions on the I-u plane
is shown in Fig. 1. Here dotted and solid lines denote
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of nonlinear dynamics, relevant to cardiac functioning
and human health. remain to be studied.
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Figure

studies indicate the necessity of accounting also for timedependent changes in system parameters during stimulation 116]. A number of intriguing and difficult problems
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The results show that the nonlinear mathematical model
reproduces a great variety of different arrhythmias found
also in real cardiac systems. The calculated bifurcation structure gives a good idea of the qualitative action potential behaviour. However, recent experimental
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