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An investigation of linear viscoelasticity of bone on the basis of rat femur by
using three-point bending testing
I
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Abstract: A three-parameter linearly viscoelastic model
has been used to describe the mechanical behavior of
rat bone. Three-point bending tests with step deflection

having finite rise time were performed

where ui is the displacement vector, Rs;61(X;t,to) is the
relaxation kernel, and n;(X) is the outward unit normal
vector of f.

and

experimental results are compared with corresponding
theoretical predictions. The obtained results show very
good correspondence in the investigated time range.

From a theoretical point of view, if Equations (1)...(5)
are given then the time-dependent stress field oi1(X,t)
and displacement field ui(X,t) of the structure can be
determined.

INTRODUCTION

A bone for which the dimensions of its cross section
Three-point bending testing has been used to predict
the elastic behavior of rat long bone. In our previous work

the Finite Element Method was used for complete
modeling of the geometrical shape of the test pieces.

However, the actual mechanical behavior of bone material
cannot be accurately described with elastic material models
due to the material's time-dependent characteristics. In this
paper we use a linear viscoelastic (anelastic) model to take
into account the time-dependent characteristics.

TI{EORY

a

beam theory.

In this

case

the stress state

is

approximately one dimensional and the constitutive
equation (5) can be written in the form
oi;(X;t) = R11 (X;t, to)eu(X;to)

+11R,,,,(X;t,t)de'(X;t) in QxT

(6a)

or in a simpler form

o(t) = R(t, to)e(to)

Consider a bone as a linear viscoelastic structure,
occupying a region Q of Euclidean tridimensional space
with boundary surface f. The structure is subjected to a

volume forces Fi(X;t) and to a history of
boundary forces p,(X;t) acting on the loaded region fo of

history

are

small compared to its length can be approximated with

of

the boundary surface. On the boundary region fu a history
of imposed displacements fi, (X;t) are acting. The loading
history is supposed to be defined in the given time range
T-[to,tr]. It is assumed that the deformations are small and

that the stress tensor oi;(X;t)=0 and the strain

+J,'.

R(t, r)de(t)

in

QxT

(6b)

On the basis of experimental results for bone and
experience in viscoelasticity the linear three-parameter
viscoelastic constitutive model shown in Figure 1 was
selected.

tensor

eij(X;t)=O for t<to and Xe Q. The general linear viscoelastic
problem is then defined by the following equations:

oii,i(X;t)+Fi(X;t)=0

in QxT

(1)

oii(X;t) q(X) = p;(X;t)

on foxT

(2')

(X;t)

on fuxT

(3)

qi(X;t) = [u;;(X;t) + ui,i(X;t)]/2

in QxT

(4)

in QxT

(s)

ui(X;t)

=

6,

oi;(X;t) = Ri1t (X;t, to)e*(X;to)
+l,l R"*(X; t, t)de'* (X;

t)

Figure 1. Linear three-parameter viscoelastic model

For this viscoelastic model the relaxation function
R(t,h) is
R(t, to) = kr e-(t-to)'^ + k,
where kr,kz and

q

Q)

are material constants, and Ä=rllkr.

The constitutive equation for the material is obtained by
substituting Eq. (7) into Eq. (6b).
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In three-point bending of a general linear elastic beam the
load-deflection relationship can be written in this form

predicted results is shown in Figure 3. The viscoelastic
properties of the fresh rat femur bone at room

to be kr=1449 MPa,
kz=4798 MPa, I=8300 MPa's. The material
temperature have been found

F=C'E'A

(8)

where E is Young's modulus, A is the deflection at the
loading point, and C is a geometry-dependent factor which
is related to the cross-sectional properties and the span of
the beam and can be determined using the FEM as has
been described in our previous work [1].

coefficients k1, k2 and n can be calculated by fitting
Eqns. (10) and (11) to experimental results using, e.g.,
least squares method.

o Experimental results;

-

theoretical results

For a viscoelastic beam with the same geometry as the
elastic beam the force F(t) required to produce a deflection
A(t) is according to the correspondence principle (for to=O;

F(t)

C!

']

- C{A(0)R(t,O)
*int, - t',0) da(t') dt')
0

z

(9)

dt'

where F(t) and A(t) are time-dependent functions.
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The experimental tests were performed with a rat femur
using a three-point bending testing device [1]. The forced

deflection history A(t) of the loading point is shown in
Figure 2.
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Figure 3. Comparison of the predicted results with the
experimental results.

CONCLUSION

On the basis of the above comparison we have
found that the results of theoretical prediction are very
close to the results of the experiment. That means that
the three-parameter linearly viscoelastic model which
has been used to describe the mechanical properties of
the bone material is accurate enough for the cases

o
C)
(l)

studied.
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