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Abstract: We present a method for distributing the auto
solid angle related integrals onto the adjacent triangles
by performing a limiting process along the normal of the
triangulated boundary surface at the node.
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INTRODUCTION
The boundary element method (BEM) is frequently used
as a realistic forward model in the reconstruction of neural
activity from electro- (EEG) and magnetoencephalographic
measurements (MEG). It integrates the secondary volume

currents over regions of constant, isotropic conductivity,
thereby reducing the problem to an integral equation that
only contains the electric potential values on the boundary
surfaces. These boundaries can be segmented from an
individual 3D MRT data set [1], and the integral equation is
discretized using a triangulation of the boundaries and an
ansatz of an either constant or linear variation of the
potential over the triangle [2].

Since a triangulation contains approximately twice

as

many triangles as nodes and since the computational burden

is almost proportional to the third power of the number of
unknowns, node based methods are generally preferred over
methods that calculate the potential at e.g. the centroid of
each triangle.
It has been shown 12,3,4,5], that the integrations over
the individual triangles can be carried out analytically, even

for the most interesting case of a potential that varies
linearly over the triangle. However, the auto solid angle
related integrals, i.e. integrals over triangles with respect to
one of its own nodes, cannot be calculated in this manner.
Frequently, the total auto solid angle, i.e. the defect from
2It, is therefore distributed in a more or less arbitrary
fashion among the adjacent triangles [6]. We show that the
auto solid angle for each triangle can directly be obtained

from the well-known analytical formula using a simple
limiting procedure along the surface normal at the node,
which can either be obtained from the intensity gradient in
the original 3D MRT image, or possibly as the average of
the normals of the adjacent triangles.
Since the auto solid angle is typically much larger than

the off-diagonal elements in the solid angle matrix, its
systematic distribution onto the adjacent triangles leads to a
significant enhancement of the numerical precision that can
be reached for a fixed number of nodes.

Figure 1: The vectors A, B and C of the triangle nodes i, j
and k with respect to the reference point R, the triangle
sides X and Y, and the surface normal vector N. The auto
solid angle of this triangle with respect to the node i is the
average of the solid angles of the shaded triangles with
respect to the node i.
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For a given reference point and a triangle with nodes i, j
and k, we define A, B and C as the coordinate vectors of the
triangle nodes with respect to the reference point as shown
in figure l, and length of these vectors as A=lAl, B and C.
As derived in [5], the solid angle of the triangle ijk with
respect to the reference point is then given by:
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Let us now consider that the reference point is one of the
nodes of the triangle, without loss of generality node i. We

can then calculate the value for the solid angle for two
points slightly below and above the triangle along the vector
N at the node i. Note that N is not the triangle normal, but

of the underlying boundary
surface or an estimate of this direction, which could e.g. be
calculated using the average triangle normal of the triangles

either the surface normal
surrounding the node

i. The new reference

points are at

AT l,N, so that A is replaced by +AN in equation (l), B by
B-AtIN and C by C-A+}.N. Using the triangle sides X=EA and Y=C-A. we therefore obtain:
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the values on the right-hand-sides
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A comparison of equations (3) and (l) shows, that the
same values would have been obtained, if the reference
point had been fixed at the node i, while the node itself was
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moved along the normal N, but in the opposite direction.
The two limiting values are thus equal to the solid angles of
two triangles with the coordinates of the nodes j and k
unchanged, but with the node i moved along the normal N
to any two points below or above the original triangle, as
e.g. the shaded triangles shown in figure 1.
Next, let us consider all triangles that contain the node i,
with the node i moved above the triangles along the normal
vector N, which points to the outside. Independent of the
particular direction of this vector, the sum of the solid
angles from equation (3) is equal to the inside limiting value
for the total auto solid angle. Similarly, the outside limiting
value is equal to the sum of the solid angles when the node i
is moved "inside".
Since the defect from 2n is equal to the average of these
two limiting values, we choose to assign the average of the
two limiting solid angles C)* from equation (3) to the auto
solid angle of each triangle. This ensures, that the values for

the individual triangles will correctly add up to the total
auto solid angle which we must distribute among them. The
auto solid angle is therefore defined as:
C)
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cannot be distributed in an average fashion in a realistic
application, and that a regular sphere is not a useful testbed.
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Combining the two terms, we finally
tan(Q) =

Figure 2: This boundary between the liquour and the inside
of the skull contains 162 nodes (320 triangles) and was
segmented from a 3D MRT.
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a linear variation of the potential

over

the

triangles is assumed, the auto solid angle related integrals
given e.g. in equations (14) and (19) of [3] are also needed.
These can, however also be calculated (numerically) using
the limiting procedure, i.e. by moving the reference point a
small distance away from the node along the normal.

We have proposed a systematic method for calculating
the auto solid angle contribution for each individual triangle
using a limiting procedure along the surface normal of the
underlying, triangulated boundary surface. Since it does not
rely on an almost flat and locally regular geometry around
the node, it is expected to be accurate and thus very useful
in practical applications, where e.g. the liquor-skull
boundary is segmented and triangulated.
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As a simple example, we
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analyze the triangulated

surface shown in Fig. 2, that was obtained by segmenting
the boundary between the liquour (CSF) and the inside of
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