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Numerical Study of Activation in Anisotropic Myocardium
Using Hodgkin-Huxley-Type Models
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A macroscopic model of activation in a
simplified insulated three-dimensional wall of
anisotropic myocardium is consideredl the model
Abstract:

NUMERICAL APPROXIMATION

involves the transmembrane potential, the extracellular
potential and the ionic currents and is described by a
reaction-diffusion (R-D) system consisting of semilinear
parabolic-elliptic PDE's coupled with two ODE's. An
integration method based on the semidiscrete Galerkin
approximation of the R-D system and the Crank-

System (1) is discretized first in space by means of a
Galerkin Finite Element approximation. Therefore we
approximate the functions v(t), u(t), m(t) and h(t) at each
time instant by means of a linear combination of N local
support functions, with time varying coefficients. This
leads to a system of first-order nonlinear differential
equations coupled with a linear system, which may be
solved using the Crank-Nicholson scheme on an uniform

Nicholson time-stepping is presented. This method
allows to reduce considerably the overall computation
time required for solving Hodgkin-Huxley-type models.
Several iterative schemes are tested for the solution of
the occurring linear algebraic systems. Numerical
results are presented and discussed.

We present a numerical study of the depolarization
of cellular membrane, based on a macroscopic
model tll of the cardiac tissue, the bidomain, with

process

Hodgkin-Huxley gating equations for the ionic current and
general anisotropy conditions, providing an efficient
numerical method to simulate this process at low computer
cost.

The effect of the rotational anisotropy of cardiac
muscle on the current flow is taken into account by
defining the conductivity tensors Mt@) and M,(x) at each
point r of the tissue.
The R-D system is solved by means of the semidiscrete
Galerkin method and using alinearization technique of the
reaction term in time discretization. The choice of the
mesh size is conditioned mostly by accuracy requirements
rather than by stability constraints. A block Gauss-Seidel

to the solution of two linear algebraic
systems at each time step, for which different linear solvers
are used and compared.

method leads

TIIE MODEL
Let O be a bounded open domain in 9i3, representing
an insulated block of myocardium, with a regular fiber
structure. The model is described by the following
reaction-diffusion system (see [2] for more details):

- divM,(x)Yv - divMlx)Yu+ I*(x,t)
in d2x]0,7[
divM(x)Yu = -divMlx)Yv
in d2xl4,T[
m, = -(a.^(v) +p^(v))m+a^(v)
in dlxl?,T[
4 = -@n(v)+po(v))h+uo(v)
XC^v,+ y,Irn\,mh)

M,(x)Yv =

v(x,O)

-v,

0

0
on öo-xl2,T[
h(x,0)
h*(v,)
m*(v,)
=
-

nr M(x1Yu =

m(x,O)

The application of quadrature formulas leads
following linear algebraic system:
Gvt*t *6,\ut*I = gt

Arv'*'+Attt*l

INTRODUCTION

nr

mesh over [0,T] and linearizing the non linear terms.

(1)

=o

to

the

(2)

At time t=0 we define define z0 as the solution to
Attq = -4ro . Matrix G turns out to be symmetric and
positive definite relative to the discretization steps used in
the applications; the choice of the mesh size is conditioned
mostly by accuracy requirements rather than by stability
constraints.

System (2) is solved by means of two nested iterative
methods. We first apply as the outer iteration a block
Gauss-Seidel iterative scheme:

\o

for r = 0,...,v

=r'

=,t
<,4t1'+g'

\o

GE'*'=

(3a)

- -ArE'*'

(3b)
A^rl'*'
Each step of this outer iteration requires the solution of
two linear systems of dimension N, for which different

iterative methods are used.
Matrix Ä is positive semidefinite and this fact has some
consequences: i) the solution to the singular system is
defined only up to a constant. At each time step we choose

the vector t with zero mean; ii) unfortunately,

the

singularity of this system makes the convergence speed of
iterative methods decrease. Hence, we tried to solve system

(3b) by different iterative methods and some other
decomposition and multigrid techniques; iii) nevertheless
the compatibility condition t',\E'*t = 0 is satisfied V r.
NUMERICAL SIMULATION
Numerical simulation was performed using a simplified

model

of

anisotropic myocardium

t3l. An

infinite

anisotropic three-dimensional wall of height z* composed
of counterclockwise rotating planes of parallel fibers was
considered. An uniform stimulation was applied along a
horizontal line p at level z=0 (epicardial surface). Our
study was limited to a rectangular section I perpendicular
to p, and fibers were supposed to be perpendicular to E at
level z=0.
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RESULTS AND DISCUSSION

We have presented an efficient method for

the

numerical simulation of activation in a simplified model of
myocardium, taking into account the membrane ionic
currents and the effects of fiber rotation on the propagation
of the action potential.
This method has a large region of stability which makes
it possible to use time discretization steps larger than those
used in other algorithms; hence considerable reduction in
computation time is possible. More exactly, this allowed
about a eightfold increase in computational speed for the
overall system while passing from Lt = 0.02 ms to Åt =
0.08 ms, the relative error of different simulations being of
order less or equal to 5Vo in the wavefront region.
With regard to the outer iteration (3), our simulations
show that a number of iterations v less or equal to 3 gives a

of the order of 10-6, ensuring a fast
convergence of the block Gauss-Seidel method.
The solution of the linear systems in (3) is obtained by

relative error

means of preconditioned Conjugate Gradient (CG),
Conjugate Gradient-Squared (CGS) and Bi-Conjugate
Gradient Stabilized (Bi-CGSTAB) iterative methods with
different kinds of preconditioners: SSOR, incomplete
Cholesky [4] or addittive ones [5]. While these methods
exhibit a fast convergence for symmetric positive definite
matrices, their perfonnance deteriorates in the case of
singular systems. Our simulations show that the best
convergence rate for system (3a) is given by the incomplete
Cholesky preconditioned CG method. Nevertheless the

SSOR preconditioner is cheaper in term of computation
time. In the case of system (3b), on the contrary, the best
performance is given by the SSOR preconditioned BiCGSTAB method. The computational cost per iteration of

as well as the memory
requirements, are comparable; the essential difference is
that Bi-CGSTAB is more smoothly converging than CGS,
i.e. its oscillations are less pronounced.
Table 1 shows a comparison between these methods for
systems of dimension N=2601, deriving from considering
a rectangular region E of dimension 0.5 cm x 0.5 cm and

gain in the convergence acceleration is contaminated by
the considerable cost of the single MG iteration and a 10
ms simulation required approximately a 50 minutes
computation.

Finally, we are studying a different method for solving

(l),

based

on a decomposition of the solutions

space,

exploiting some invariance properties of the differential
operators in the linearized problem. This method may be
implemented on four parallel processors, thus reducing
considerably CPU time as a consequence of the fact that
different processors can solve simultaneously problems of
reduced dimension. This feature makes the method suited
for larger scale 3D simulations of the excitation process.

Table L Solution of the complete R-D

system.

Computation time (min:sec) and average iteration counts
for different preconditioners and iterative methods. Z = I0
ms,time step t = 0.04ms, required precision: I0'6; a = L6

for

SSOR preconditioning and

preconditioning.

rrl = 1.9 for

mean

computation #iter. #iter.

time

(3a)

(3b)

SSOR-CG

l0:14

5

4l

Cholesky-CG
Mean-CG

38: l5
13:49

3

SSOR-CGS
Cholesky-CGS
Mean-CGS

l0:25
l4:22
l3:08

58
57
25
58
35

SSOR-BiCGSTAB
Cholesky- BiCGSTAB
Mean- BiCGSTAB

07.49
09:25

ll:12

4

l8
23
28

Bi-CGSTAB and CGS,
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