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Abstract: A macroscopic model of activation in

anisotropic myocardium, described by a reactiondiffusion (R-D) system, is considered; the model consists
of semilinear parabolic-elliptic PDE's coupled with two
ODE's. An efficient numerical method based on the
semidiscrete Galerkin approximation of the R-D system
and a Crank-Nicholson time-stepping is proposed, in
order to simulate the most important activation
processes and to study the influence of fiber rotation on
the topography of the wavefronts and the associated
current fields. Results of numerical simulations are
presented as isochrones, instantaneous equipotential
and transmembrane current distributions.
INTRODUCTION
The role of anisotropy of cardiac fibers in influencing
conduction has recently received considerable attention.
Experimental and modeling studies [1] have documented
effects of anisotropy, primarily described in terms of
isochrone or isopotential patterns, as a function of fiber

direction and rotation between epicardium

and

endocardium.

study we develop a mathematical model of
activation
to provide a tool for evaluating,
cardiac
assessing and characterizing cardiac anisotropy in terms of

In this

computed potential and current fields. Primarily, objective

study is to document the ability of
mathematical features to evaluate and quantitate extent of
anisotropy in normal and potentially diseased myocardium
such as ischaemia and infarction. In particular, the
activation process is simulated numerically in a simplified
but realistic tridimensional model of anisotropic
myocardium which accounts for different values of fiber
rotation angle and anisotropy ratio, single or multiple
stimulations, normal and abnormal conduction in the
presence of pathological regions. The depolarization
process of cellular membrane is based on a macrosopic
model of the cardiac tissure, the bidomain, with Hodgkin
and Huxley gating equations for the ionic current and

of the present

unrestrained anisotropic properties. The effect of rotational

anisotropy of cardiac tissue is taken into account by
assigning intra and extracellular conductivity tensors at
each tissue point. The R-D system is solved by means of
the semidiscrete Galerkin method and using a linearization
technique for the reaction term in time discretization. The
mesh size is determined mostly by accuracy requirements
rather than by stability constraints.

MATHEMATICAL MODEL

Let O be an insulated block of myocardium

(the
bidomain: intracellular medium (i) + extacellular medium

(e)), with a regular fiber structure. We insume axial

simmetry around the fiber direction,

i.e. the

electric

conductivity is the same in any direction perpendicular to
the fiber axis. We set D, = O x ]0 7n[ and Sr = äC) x
l0,TI, for some T > 0.

Let u(x,t) and v(x,t) be the

extracellular and

transmembrane potential respectively, assumed to be
regular functions in the region C). The activation process is
described by the following R-D system [2]:
XC
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+
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where:
M=Mr*M,
conductivity tensors;
M,., = (o','' -{:'i,'' )aar +o',* I
a = a (x) unit vector tangent to the fiber at point r;
electric conductivities parallel to cardiac fiber
6','' (x)
^(v)

to

electric conductivities transverse

cardiac

fiber direction:
outward unit normal vector to äO;
sodium activation and inactivation variables;

n

mrh

u^,9^

positive functions

of

potential

v

obtained

experimentally;

ao,9o

membrane surface area per unit volume of tissue;
membrane capacitance per unit area;

h*
I oo

ffi-

^(v))m

direction;

i
o','' (x)

X
C^

B

steady-state values of m and h;

,

applied current per unit volume.

The ionic current I,on may be represented in the form:

I,on(v,m,h) = g*omthlv -vNo)+

g,0 -v,)

g, is the passive membrane conductance at
potential
v,i Bpoand v", are the maximum value
resting
of conductance and the equilibrium potential, respectively,
for sodium ions [3].
For the solvability of the elliptic equation, the following
compatibility condition must hold:
where

I air(

Jo

*nildx -

o

.

This is implied by the divergence theorem

and

boundary conditions on v.

NUMERICAL SIMULATION
The R-D system is solved by means of the semidiscrete
Galerkin approximation and a linearization technique of
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the reaction term combined with the Crank-Nicholson
time-stepping. At each time step, we solve two linear
algebraic systems for the transmembrane and the

ratio and fiber rotation law, and to simulate a number of
pathological conditions such as the existence of necrotic
areas. Moreover, the introduction of other ionic currents,

extracellular potential respectively.

related to the cardiac cellular excitation cicle,

Numerical simulation was performed using a simplified

simulate successive phases

of anisotropic myocardium [4] represented by an
infinite anisotropic three-dimensional wall of height z*,
composed of planes of parallel fibers rotating

(repolarization). Simulation results

model

counterclockwise with level z. Uniform stimulations were
applied along one or more horizontal parallel lines. Our
study is limited to a transmural plane, i.e. a rectangular
section I perpendicular to stimulation lines. Fibers make

an angle öp with I at level z=0 (epicardium) and rotate
with angle $(z)=(z/z*)O*-O0 towards z=z* (endocardium).

as transmembrane

of

Point

interest

will allow to

of the action

potential

will also be displayed

current distributions.

for the future is the use of space
in order to reduce computation

decomposition methods

time further oD, exploiting the advantages offered by
parallel computers. These methods should make the
numerical solution of the R-D system suitable also for large
3D blocks of cardiac tissue.
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RESULTS AND DISCUSSION

Simulation results refer to
values o i = 2x I0-3 {2-tcm-|
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Fig. I shows isochrones elicited by point stimulation at
(0,0) in a square section I of 0.5 cm side. Isochrones
indicate the instant (ms) of maximum time derivative of
and
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Figure 2
t= 8 ms

transmembrane action potential at each point of the tissue.
The influence of fiber rotation on the activation process is
evidenced by earlier arrival of activation (16 ms) at a
transmural point on the right side of I.
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In Fig 2, I is a rectangle with base 1 cm and height 0.5
cm. Stimulation is elicited simultaneously at diagonal
points (0,0) and (1,0.5). Propagation of activation is slower
at the epicardial side, perpendicular to fibers, than at the
endocardial side which makes an angle of 30' with fibers.
The influence of rotational anisotropy is also evidenced by
the timing and the location of the collision wavefront
which is off center from the two stimulation points.
Fig. 3 shows the extracellular potential distributions at 8,

10, 14 and 20 ms following two point stimulations,

as

displayed in Fig. 2. Tlhe steep gradient regions represent
the excitation wavefronts.
The present model can also be used to study activation
process in the presence of different values of anisotropy
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